Higher-rank generalisations of electrodynamics have recently attracted considerable attention because of their ability to host "fracton" excitations, with connections to both quantum stabilizer codes and holography. However, the search for higher-rank gauge theories in experiment has been greatly hindered by the lack of materially-relevant microscopic models. Here we show how a spin liquid described by rank-2 U (1) gauge theory can arise in a magnet on the breathing pyrochlore lattice. We identify Yb-based breathing pyrochlores as candidate systems, and make explicit predictions for how the rank-2 U (1) spin liquid would manifest itself in experiment.
Introduction. It is of great intellectual interest and practical utility to discover novel effective laws of nature emerging from many-body systems. Traditionally, this enterprise has been entwined with the concept of broken symmetry [1] . However, a powerful alternative has proved to be the local constraints which arise from competing or "frustrated", interactions. In the context of frustrated magnets, these can lead to the emergence of a local gauge symmetry, and thereby to quantum spin liquids, which defy all usual concepts of magnetic order, and instead exhibit fractionalised excitations and long-range entanglement [2] [3] [4] [5] . A well-studied example is quantum spin ice, a realisation of a U (1) gauge theory on the pyrochlore lattice, whose emergent excitations exactly mimic conventional electrodynamics: photons, electric charges and magnetic monopoles. As such, it has attracted intense theoretical [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and experimental [16] [17] [18] [19] [20] [21] [22] [23] [24] investigation.
Recent work has highlighted the possibility of more exotic forms of emergent electrodynamics [25] [26] [27] [28] , where electric and magnetic fields have the form of rank-2 (or higher-rank) tensors. These theories have modified conservation laws and gauge symmetries, resulting in some remarkable properties. Some are argued to mimic gravity [25, 29, 30] , while others are dual to elasticity theory [31] . In both cases, the charged excitations, dubbed "fractons", have constrained mobility, and characterize a new class of topological order [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . Fracton models are also linked to quantum stabilizer codes [42, 43] and holography [44] . None the less, these desirable properties come at a price: the local constraint required has a tensor character. And as a consequence, prototypical models of fractons are based on complex, multiple-spin interactions [25, 32, [34] [35] [36] , while discussions of higherrank electrodynamics avoid spin-based models entirely [26, 27, 37, 38, 45] . For this reason, realising even the simplest of these states in real materials remains a significant challenge.
In this Letter we show how a canonical rank-2 U (1) [R2-U1] spin liquid can arise quite naturally in a breathing pyrochlore magnet. Motivated by Yb-based mate- rials [46, 47] , we study the Heisenberg antiferromagnet (HAF) on a breathing pyrochlore lattice, perturbed by weak Dzyaloshinskii-Moriya (DM) interactions [ Fig. 1 ]. We first establish that low-energy fluctuations can be described using a tensor field satisfying the constraints required for a R2-U1 gauge theory. We then use classical Monte Carlo simulation to confirm this scenario, and to explore how a R2-U1 spin liquid could be identified in experiment. We find that 4-fold pinch points (4FPP), characteristic of the R2-U1 state [45] , become visible in polarised neutron scattering. These results complement earlier work exploring gapped, fracton topological order, in models with bilinear interactions [40, 48] , providing an example of a gapless R2-U1 state, in an experimentallymotivated context.
Review of R2-U1 theory.
Before analysing the breathing-pyrochlore magnet, it is helpful to review the properties which define R2-U1 electrodynamics, in its self-dual, vector-charged, traceless form [26] [27] [28] . This type of electrodynamics has a rank-2 tensor electric field E that is symmetric and traceless, It has a vector charge ∂ i E ij = ρ j , and in the low energy sector it is charge free,
The constraints of Eqs. (1,2) dictate the gauge symmetry of the rank-2 gauge field A to be
which further determines the magnetic field B as the simplest gauge-invariant quantity,
The key observable properties of R2-U1 spin liquid follow from the correlations of the electric field E ij , and our goal will therefore be to show how the constraints Eqs. (1, 2) can arise in a real material. The model. To this end, we consider a magnet on a breathing pyrochlore lattice, where A-and B-sublattice tetrahedra have a different size [cf. Fig. 1 ]. Breathingpyrochlore magnets were first studied as a tractable limit of the pyrochlore HAF [49] [50] [51] [52] , but have since been realised in several families of materials [46, [53] [54] [55] [56] [57] [58] [59] . To date, most theoretical work has concentrated on SU (2)-invariant models [49] [50] [51] [52] [60] [61] [62] . However, in the presence of spin-orbit coupling, the symmetry of the lattice permits anisotropic exchange [47, 56, 57, 63] . In materials such as Ba 3 Yb 2 Zn 5 O 11 , built from edge-sharing YbO 6 octahedra, the strongest interactions are HAF, perturbed by a weaker DM interaction [47] , via
where the bond-dependent vectorsd ij [64] [65] [66] [67] are illustrated in Fig. 1 , and defined in (S14) of the Supplemental Material. Estimates for Yb-based breathing pyrochlores [47] suggest that a reasonable starting point is
can be so small as to be entirely negligible [56, 57] . As we will see, these are precisely the conditions required for the realisation of R2-U1 physics.
Transcription to symmetry-based coordinates. To establish the existence of a R2-U1 spin liquid, we need to show that low-energy fluctuations are described by a rank-2 tensor field satisfying the constraints Eq. (1) and Eq. (2) . To accomplish this, we consider the classical limit of Eq. (5), and introduce a set of fields m X which transform as irreducible representations of the lattice symmetry [29, 68, 69] . In this basis [70] , the Hamiltonian becomes
where X runs over irreps of the group T d , i.e.
the coefficients a X,A satisfy the condition
This implies that the fields m E,A and m T1−,A are free to fluctuate in the ground state, while all others must vanish. Meanwhile, on the B-sublattice, we find
so that the low-energy constraint is Since each spin is shared by both an A-and a Btetrahedron, the fluctuating fields m E,A and m T1−,A have to respect the constraint Eq. (10). In the limit of slowlyvarying fields, this leads to a conservation law for fluxes constructed from m E,A and m T1−,A [68] (the A indices are dropped for convenience),
which is symmetric and traceless, as required by Eq. (1). Within this construction, Eq. (11) is equivalent to the condition of vanishing vector charge, Eq. (2). It follows that, in the classical limit, a R2-U1 gauge theory emerges as the effective description at the low-energy sector of the breathing-pyrochlore model, Eq. (5). Moreover, since this is true for arbitrarily-weak DM interaction, and we are at liberty to set J A = J B [Eq. (7)], the R2-U1 spin liquid can be thought of as a weakly- perturbed HAF. The HAF on a pyrochlore lattice, itself a spin liquid [72] [73] [74] [75] , is classically equivalent to a U (1) × U (1) × U (1) gauge theory [76, 77] , and can be described in terms of a rank-2 tensor electric field where all components (symmetric, antisymmetric, and trace) are finite [78] . This theory satisfies the constraint Eq. (2); introducing a finite, negative, D A suppresses fluctuations associated with both the trace and antisymetric components of E ij , imposing the additional constraint Eq. (1) at low energy (see Supplemental Materials for details). s Thus DM interaction carves the smaller manifold, associated with the R2-U1 spin liquid, out of the larger manifold associated with the HAF.
Characteristic signatures of R2-U1 state. We now turn to the question of how the R2-U1 spin liquid can be identified, in both simulation and in experiment. Just as the zero-divergence condition in spin ice manifests itself in a pinch-point singularity [79] , so the constraints associated with an R2-U1 gauge theory, Eq. (1) and Eq. (2), lead to a characteristic singularity in correlations of the tensor field E ij [45] 
The three-dimensional structure of the correlation E xy (q)E xy (−q) on a surface of fixed |q|, is plotted in Fig. 2(a) . In the [0kl] plane, correlations exhibit a conventional 2-fold pinch point, comparable to that found in spin ice [ Fig. 2(b) ]. However in the perpendicular [hk0] plane, we observe a 4-fold pinch point [ Fig. 2(c) ], which unambiguously distinguishes R2-U1 electrodynamics from lower-rank theories [45] . We can use this singular feature as a test for the R2-U1 spin liquid in simulation. To this end, we have carried out classical Monte Carlo simulations of Eq. 5, for the parameter-set
where the constraints Eq. (1) and Eq. (2) are expected to hold. The resulting correlations of E ij , at a temperature T = 2.5 × 10 −3 J A , are shown in Fig. 2(d) . For q → 0, these are identical to the predictions of Eq. (13), confirming that the model realizes an R2-U1 spin liquid.
We now consider what this singularity will mean for experiment. Neutron scattering experiments do not measure correlations of E ij directly, but rather the spin structure factor S αβ (q) = S α (q)S β (−q) . On general grounds [45] , S αβ (q) is expected to bear witness to the singularity in Eq. (13) . But exactly how 4FPP's would manifest themselves in experiment remains an open question. In Fig. 3 we present simulation results for S αβ (q) for parameters equivalent to Fig. 2(d) . We find that the 4FPP is not visible in the structure factor measured by unpolarised neutron scattering; results for the [h0k] plane are shown in Fig. 3(a) . However the 4FPP can be resolved using polarised neutrons. In this case, it manifests itself in the spin-flip (SF) channel for neutrons polarised perpendicular to the scattering plane [80] , cf Fig. 3(c) . In  Fig. 4 , we show equivalent results for an experimentallymotivated parameter set, discussed below.
Phase diagram.
We now explore how these different aspects of R2-U1 physics fit together. In Fig. 5 we present the finite-temperature phase diagram derived from MC simulations of Eq. (5), for parameters equivalent to Eq. (14), but allowing the DM interaction to take on values −0.14 J A < D A < 0.14 J A . At finite temperature, the spin liquid associated with the high-symmetry point, D A = 0 (i.e. the HAF), dominates. For D A > 0, this is unstable at low T against antiferromagnetic all-inall-out (AIAO) order. Meanwhile, for D A < 0, the HAF gives way first to the R2-U1 spin liquid, and then orders at the very lowest temperatures. Finding a complete description of this order is complicated by the difficulty of thermalizing the simulations at such low temperature, but we could determine that a large fraction of the m E and m T1− degrees of freedom order at finite wavevectors q = W (corners of the Brillouin zone). This ordering is not captured by the continuum theory developed above, since this does not account for interactions introduced by the constraint of fixed spin length. Nonetheless, a R2-U1 spin liquid with 4FPP in its structure factor remains visible for a broad range of temperatures.
Application to materials. Having established that a R2-U1 spin liquid can occur in a realistic model of a breathing-pyrochlore magnet, it is natural to ask which materials offer the best prospects in experiment. A promising line of enquiry are Yb-based materials, where HAF and DM interactions predominate [47] . One concrete example is Ba 3 Yb 2 Zn 5 O 11 [46, 47, 56, 57] , where A-tetrahedra are estimated to have the coupling parameters J A ≈ 0.57 meV, D A ≈ −0.16 meV, and other interactions negligible. This is exactly the desired form of parameters, a feature which is expected to be robust [47] , since it holds for a wide range of Slater-Koster overlap ratios [81] . However, exchange interaction on the larger B-tetrahedra of Ba 3 Yb 2 Zn 5 O 11 are orders of magnitude smaller [56, 57] . Thus, while it seems plausible that Ba 3 Yb 2 Zn 5 O 11 could realise a R2-U1 spin liquid, it will occur at temperatures too low to measure.
The encouraging example of Ba 3 Yb 2 Zn 5 O 11 motivates us to consider the possibility of a magnet with similar structure, but smaller B-tetrahedra, so that the HAF exchange J B becomes non-negligible, while the DM interaction D B remains small. To demonstrate that the R2-U1 physics persists in this case, we have used MC simulation to calculate the spin structure factor for the breathing pyrochlore model, Eq. (5), with parameters J A = 0.57 meV, J B = 0.028 meV ,
such that J A /J B = D A /D B ≈ 20. Once again, the 4FPP associated with the R2-U1 spin liquid remains clearly visible for a range of temperatures [cf. Fig. 4 ]. Quantum effects. The quantum limit of R2-U1 gauge theories has already been studied as a field theory [26, 28, 45] . Like quantum analogues of spin ice [6, 8] , spin-liquids described by higher-rank electrodynamics support gapless emergent photons [26, 28, 45] . These modify, but do not eliminate, the singular features observed in scattering at finite temperature [8, 45] . And while the microscopic study of quantum effects lies outside the scope of this Letter, results for frustrated quantum spin ice [82, 83] suggest that the tensor field-theory derived, Eq. (12), will prove a useful guide to the quantum limit of the problem.
Summary and perspectives. In this Letter, we have used a combination of analytic field theory and classical Monte Carlo simulation to show how a rank-2 U (1) [R2-U1] spin liquid, a state described by a higherrank generalisation of electrodynamics, can arise in a pyrochlore magnet with breathing anisotropy and Dzyaloshinskii-Moriya interactions [ Fig. 1 ]. These results provide a concrete starting point for the experimental search for higher-rank gauge theories, which support fracton excitations, and clarify the type of neutron scattering experiment which would be needed to resolve the 4-fold pinch points (4FPP) of a R2-U1 spin liquid.
Supplemental Material

RANK-2 U (1) GAUGE THEORY
Here, following [25, 26] , we derive the relationship between electric, magnetic and gauge fields within the rank-2 U (1) [R2-U1] electrodynamics considered in the main text. Our starting point is an electric field described by a symmetric rank-2 tensor,
As in conventional electrodynamics, its conjugate is the rank-two gauge field A, which also has to be symmetric to match the degrees of freedom,
The low energy sector of the electric field has vanishing vector charge, and is traceless,
Here we keep all indices as subscripts but still use the Einstein summation rule. These two conditions determine the form of gauge transformation. Consider a wave-function
We take a low energy configuration of E obeying Eq. (S3) and construct a symmetrized operator that is identical to zero to act upon the wave-function
By integration by parts and assuming vanishing boundary terms, we have
Since E ij conjugates with A ij , it generates a transformation of A. Thus
That is, the low energy sector wave-function is invariant under gauge transformation
Similarly, the traceless condition
leads to another gauge symmetry
Finally, the magnetic field is obtained by finding the simplest gauge-invariant quantity. In this case, it has to have three derivatives acting on the gauge field,
Further details of the phenomenology of R2-U1 phases can be found in [26, 28] .
DERIVATION OF EFFECTIVE FIELD THEORY
We show how a rank-2 tensor electric field, satisfying the constraint required for R2-U1 electrodynamics [Eqs. (1, 2) ], can be derived from a breathing pyrochlore lattice model [Eq. (5)]. The pattern of this derivation closely follows Refs. [29, 68, 69] .
Our starting point is the breathing pyrochlore lattice with a spin on each of its sites, and nearest neighbor interactions between the spins. "Breathing" means the lattice is bi-partitioned into A-and B-tetrahedra [ Fig. 1] , and each type of tetrahedron has its own interactions.
The model that hosts a rank-2 spin liquid has breathing Heisenberg antiferromagnetic interactions on both the Aand B-tetrahedra, and negative Dzyaloshinskii-Moriya (DM) interactions on A-tetrahedra only. The Hamiltonian for the model is
where ij ∈ A(B) denotes nearest neightbour bonds belonging to the A(B)-tetrahedra. The sites 0, 1, 2, 3 are at positions relative to the center of an A-tetrahedron
where a is the length of the unit cell. Vectorsd ij are bond dependent, defined in accordance with Ref [56, 64, 67] :
(S14) Equivalently, this model can be written in a standard matrix-exchange form for a breathing-pyrochlore lattice model as
where J A,ij is a three-by-three matrix that couples spins on sub-lattice sites i, j whose bond belongs to A-tetrahedra, and J B is the coupling matrix for B-tetrahedra. In the case of D B = 0 that we are interested in, J B is identical for any pair of i, j,
Matrices J A,ij are bond dependent and related to each other by the lattice symmetry. Their values are
The spin degrees of freedom on each tetrahedron can be rewritten in terms of fields forming the irreducible representations of the lattice symmetry,
order definition in terms associated parameter of spin components ordered phases
Γ5, including Ψ2 and Ψ3 [17] . The notation Ψi for ordered phases is taken from Ref. [65] .
whose definition can be found in Table I . They are linear combinations of the spin degrees of freedom, allowing for a fully quadratic Hamiltonian:
where X runs over irreps of the group T d , i.e. {A 2 , E, T 2 , T 1+ , T 1− } as listed in Eq. (S18), and the subscript A,B denotes on which type of tetrahedra they are defined. For the couplings in Eq. (S12), we have on A-tetrahedra
and on B-tetrahedra
For J A , J B > 0 and D A < 0, these parameters are in order on A-tetrahedra:
on B-tetrahedra:
which plays the central role of dictating the low energy physics. The irreducible representation fields are subject to constraints arising from fixed spin length
for both A-and B-tetrahedra. As a consequence, the low energy sector allows the m 2 X corresponding to the smallest a X to fluctuate, while all other fields have to vanish. This principle applied to our model leads to
• On A-tetrahedra, the fields m E and m T1− can fluctuate;
• On A-tetrahedra, the fields m T1+ = m T2 = m A2 = 0;
• On B-tetrahedra, the fields m A2 , m E , m T2 , m T1− can fluctuate;
• On B-tetrahedra,
Since every spin is shared by an A-and a B-tetrahedron, the fluctuating fields m E and m T1− on A-tetrahedra must obey additional constraints to respect the the low-energy sector condition on B-tetrahedron imposed by Eq. (S29). Assuming that the fields are varying slowly in space such that the continuous limit can be taken, the constraint Eq. (S29) can be expressed in terms of fields living on A-tetrahedron as
From this constraint we can build the symmetric, traceless, rank-two magnetic field E ij as
such that Eq. (S30) becomes
with symmetric and traceless conditions
by the definition of E ij . Hence a rank-2, traceless, vector charged magnetic field emerges at the low-energy sector from the microscopic model of Eq. (S12). Equation (S33) constrains the form of correlations functions of E ij (q)E kl (−q) , in the same spirit as how the two-in-two-out condition constrains the spin-spin correlation of spin ice. It is, however, in a more complicated form. The explicit results for the traceful scalar-charged and vector-charged versions of R2-U1 are discussed in detail in Ref. [45] . The vector-charge field correlation is
In close analogy, we derive the correlation function of our traceless vector-charged model by deducting the trace,
which encodes a singularity at q → 0. Different choices of the components E ij and E kl show different patterns. A few representative ones can be found in Fig. S1 . 
PREDICTIONS FOR NEUTRON SCATTERING
The 4FPP is a unique pattern that differentiates the R2-U1 from vector U (1) gauge theory, which only has the conventional two-fold pinch points. The 4FPPs are most unambiguously presented in the correlation function of the irrepresentation fields as discussed in the main text. These correlation functions are, however, not directly accessible to the experiments.
In magnetism, the neutron scattering technique is widely applied to measure the spin-spin correlation of the form 
